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Abstract 

Our purpose is to prove the uniqueness of the representation for 
G-martingales with finite variation. 
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1 Introduction 

In [P07b], processes in form of rjsd{B)s — 2G{r]s)ds, rj G Mq{Q, T) are 
proved to be G-martingales. However, the uniqueness of the representation 
remains unresolved. In order to prove the uniqueness, we must find ways to 
distinguish the two classes of processes in forms of J^risd{B)s and J^(sds, 
r/,CGMi(0,T). 

For a process {Kt} with finite variation, motivated by [SonglO], we define 

T 



d{K) := limsupE[ [ 6n{s)dK, 

n^oo Jo 
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where, for n e A^, 5„(s) is defined in the following way: 



n— 1 



' -I n ' 



(,+i)T ,(g), for all s e [0,r]. 



We prove that d{K) = if = JgCsds for some C e M^(0,T) and that 

> if = /o 77sC^(S)^ for some r) e M^(0, T) such that E[J^ \r)s\ds] > 
0. By this, we distinguish these two classes of processes completely: 

If jlr]sd{B)s — /q Csds, for some 77, C £ -^g(0, T"), then we have 



As an application, we prove the uniqueness of the representation for G- 
martingales with finite variation. 

This article is organized as follows: In section 2, wc recall some basic no- 
tions and results of G-expectation and the related space of random variables. 
In section 3, we present the main results and some corollaries. In section 4, 
we give the proofs to the main results. 

2 Preliminaries 

We recall some basic notions and results of G-expectation and the related 
space of random variables. More details of this section can be found in [P07a, 
P07b, P08, PIO]. 

Definition 2.1 Let $7 be a given set and let ?^ be a linear space of real valued 
functions defined on Vt with c G "H for all constants c. "H is considered as the 
space of random variables. A sublinear expectation £^ on "H is a functional 
E : 7i ^ R satisfying the following properties: for all X,Y gH, we have 

(a) Monotonicity: If X > y then E{X) > E{Y). 

(b) Constant preserving: E{c) = c. 

(c) Sub-additivity: E{X) - E{Y) < E{X - Y). 

(d) Positive homogeneity: E{XX) = XE{X), A > 0. 
{Q, "H, E) is called a sublinear expectation space. 

Definition 2.2 Let Xi and X2 be two n-dimensional random vectors defined 
respectively in sublinear expectation spaces {flijUi, Ei) and {0.2,^2, E2) ■ 
They are called identically distributed, denoted by Xi ~ X2, if Ei[ip{Xi)\ = 




2 



E2[(p{X2)], Vv? G Ci^LipiR^), where Ci^Lip{F^) is the space of real continuous 
functions defined on such that 

Hx) - ^iy)\ < C{1 + \x\' + \y\'')\x - y|, Va;,|/ G R\ 

where k depends only on (f. 

Definition 2.3 In a sublinear expectation space {Vl,T-L,E) a random vector 
Y = (Yi, ■ ■ - , Yn), G "H is said to be independent to another random vector 
X = {Xi, ■ ■ ■,Xm), G "H under £'(■), denoted by F_LX, if for each test 
function cp G Ci^Lip{I^ x we have E[^{X,Y)\ = E[E[ip{x,Y%=x\- 

Definition 2.4 (G-normal distribution) A d-dimensional random vector X — 
{Xi, ■ ■ -^Xd) in a subhnear expectation space {Q,H,E) is called G-normal 
distributed if for each a, & G it! we have 

aX + bX ^ \/a2 + b'^X, 

where X is an independent copy of X. Here the letter G denotes the function 

G{A):=^E[{AX,X)]:Sd^R, 

where Sd denotes the collection oi d x d symmetric matrices. 

The function G(-) : Sd ^ R is a monotonic, sublinear mapping on Sd and 
G{A) = lE[{AX,X)] < ||A|^[|X|2] =: l\A\a'^ implies that there exists a 
bounded, convex and closed subset T <Z S^ such that 

G{A) = lsupTr{^A). (2.0.1) 

If there exists some /5 > such that G{A) - G{B) > l3Tr{A - B) for any 
A> B,we call the G- normal distribution is non-degenerate. 

Definition 2.5 i) Let VLt = Cq{[Q,T]] R'^) with the supremum norm, l-L^ :— 
{ip{Bt,,...,BtJ\yn > IM.-.tn G [0,r],V(^ G a,L,p(i?''><")}, G-expectation 
is a sublinear expectation defined by 

EYp{Bt^ - Bto,Bt2 - Bt^,- ■ ■, Bt^ - Bt^_J] 

— E[(p{^/tl — to^i, • • •, y^tjn — ^m-lCm)], 

for all X = (p{Bt^ - Bt^, Bt^ - Bt,,- ■ ■,Bt^ - Bt^_^), where ^i, • • •,^n are 
identically distributed rf-dimensional G-normal distributed random vectors 
in a sublinear expectation space {VL^l-i^E) such that ^j+i is independent to 
(^1) ■ ■ ■) Ci) each i = 1, • • •, m. (ily, "H^, E) is called a G-expectation space. 
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ii) For t G [0, T] and ^ = ^{Bt^, i?t,J ^ "H^, the conditional expectation 
defined by(there is no loss of generality, we assume t = ti) 

^tA^i^ti - Bta, - Bt^, ■ ■ ■, Bt,,^ - Bt^_^)] 

= v{Bt^ - Btg,Bt2 - Bt^,- ■ ■,Bt^ - Bt^_J, 

where 

(p{xi,- ■ ■,Xi) = E[!f{xi,- ■ ■,Xi,Bt^^^ -Bt^,---,Bt^ 

Define U\\p^G = [^(1^1^)]^/^ for ^ G and p > 1. Then Vt G [0,T], 
Et{-) is a continuous mapping on with norm || ■ ||i ^ and therefore can be 
extended continuously to the completion Lq^Qt) of Ti^ under norm || ■ \\i^g- 

LetLipinr) := WiBt,, BtJ\n > G [0,T],^ G a,Lip(i?''^")}, 

where Cb,Lip{R^^^) denotes the set of bounded Lipschitz functions on R'^^"'. 
[DHP08] proved that the completions of Cb{flT), Hj< and LipiVtT) under 
II • llp^G are the same and we denote them by /.^(fij'). 

Definition 2.5 Let M^(0,T) be the collection of processes in the following 
form: for a given partition {to, ■ ■ ■, tjs} = Ht of [0, T], 

7V-1 
j=0 

where G Lip{QtJ, i = 0,1,2, ■ ■ ■, N - 1. For p > 1 and r/ G M^(0,T), 
let ll^^lUfg = {E{Jq \f]s\^ds)y^P and denote by M^(0,T) the completion of 
Mq{0,T) under the norm || ■ ||^p. 

Theorem 2.6([DHP08]) There exists a tight subset V C Mii^T) such that 
E(0 = maxEp(0 for aA\ ^ e U'^. 

V is called a set that represents E. 

Remark 2.7 Let {Vt^, {J^t), J^^ , P°) be a filtered probability space and {Wt} 
be a d-dimensional Brownian motion under P°. [DHP08] proved that 

VM:={PooX-AXt= [ hJWs,heLmO,T];r'/^)} 

Jo 

is a set that represents E, where T^^"^ := {7^^^|7 G F} and F is the set in the 
representation of G{-) in the formula (I2.0.ip . 
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3 Main results 

In the sequel, we only consider the G-expectation space {^t, -^(j(^t, E)) with 
= Co([0, T], R) and = E{Bl) > -E{-Bl) = > 0. 

Proposition 3.1 For each r] e M^(0,r), let 

T 



Then 



d{rf) = limsupE[ / 6n{s)7jsd{B)s\. 

n-^oo Jo 

^[-^ \Vs\ds]<d{ri)<^^E[J^ \r]Ms]. (3.0.2) 

Proof. It suffices to prove the conclusion for r] e Mq{0,T). Let rjs — 
T.T=o^Mti,ti+i]{s), 6i e L}.{nti), i^O,- ■ ■,m-i. 



= E[Y.\iu\ UsHn{itMB)s]-E[J2\^u\ -^ds] 

m— 1 pi'+i +1 2 2 

as n goes to infinity. So 



On the other hand, 

7?2 ^2 



^[/ 6n{s)vsd{B)s] + ^—^E[-f \Vs\ds] 
Jo ^ Jo 

m— 1 P'f^'+i rn—l P'^'+i 2 2 

- E[Y.\^u\ I Us)sgn{^tMB)s]+E[J2{-\^u\) I ^^ds] 

i=0 1=0 ''^i 

/-ti+i rU+i -2 _ ^2 

m—l 



i=0 



where a,{n) = max{|E(/^*'+^ 5„(s)rf(i?),-/^*'+^ ^ds)], |^(- /^^'^^ 5^is)d{B)- 
It'^^ ^~^ds)\} — as n goes to infinity. So 



cr — cr 



/ \Vs\ds] < d{ri). 
Jo 



□ 



Remark 3.2 (i) A straightforward corollary of Proposition 3.1 is that if 
Jf^ \ris\ds is symmetric (i.e., E[J^ \ris\ds] = —E[—J^\ris\ds]), the equality 
d{r]) = ^^E[J^ \r]s\ds] holds. 

(ii) By Lemma 3.1, we could not conclude that d{r]) > whenever 
E[J^ \ris\ds] > 0, which is the conclusion of Theorem 3.3 below. 

(iii) The inequalities in fl3.0.2p may be strict: 

Let r]s = {B)t/2Mt/2,t]{s) + al[o,T/2](s), a = T{a'^ -£^)/4. 
Then ^ 

d(r/) = lim E[ I 52n{s)7lsd{B),] = aa''T/2, 



2 2 pT 



2 



Jo 



2 2 pT 



E[- [ \Vs\ds] = -c? + a-u'^T/2. 
Jo 



□ 



Now, we shall state the main result of this article, whose proof is post- 
poned to Section 4. 

Theorem 3.3 For rj E M^{0,T) with E[J^ \r]s\ds] > 0, we have 
d{ri) = lim sup E[ f 5n{s)risd{B),] > 0. 

n— s>oo Jo 

Theorem 3.4 Let r/ G M^(0,T). Then limn^^ E[J^ 6n{s)r]sds] = 0. 

Proof. For rj G Mq{0, T), the claim is obvious. For rj G Mq{0, T), there 
exists a sequence of {t]"^} C M^(0, T) such that E[J^ \ri^ — ris\ds] — )■ 0. Then 

\E[Io ^n{s)r]Js]\ < \E[J^ 6n{s)r]:'ds]\ + E[f^ {r]"^ - r]s\ds]. First let n ^ oo, 
then let m — )■ oo, and we get the desired result. □ 

Remark 3.5 Let {Q, E, J-", P) be a filtered probability space. We recall that 
for any progressively measurable process rj such that E[Jq \Vs\ds] < oo, we 



have 



lim E[ / Sn{s)rjsds] — 0. 



Therefore, Theorem 3.3 presents a particular property of G-expectation space 
relative to probability space. 

Corollary 3.6 Let C,^? G M^(0,T). If J^risd{B)s = JgCsds for all t e [0,T], 
then E[J^ \r],\ds] = E[J^ \Cs\ds] = 0. 

Proof. By Theorem 3.4, we have 

lim sup E[ / 5nis)ri,d{B),] = lim E[ I 5n{s)Csds] = 0. 

n-^oo Jo n->-oo Jq 

By Theorem 3.3, we have E[J^ IVslds] = 0, which leads to E[J^ \Cs\ds] ~ 0. 
□ 

The following corollary is about the uniqueness of representation for G- 
martingales with finite variation. 

Corollary 3.7 Let C,r] E M^(0, T). If for all t e [0, T], 

l\sd{B),^ [ 2G{ris)ds= [ Csd{B),- f 2G{Qds, (3.0.3) 
Jo Jo Jo Jo 

we have E[J^ \r]s — Cs\ds] — 0. 

Proof. By the assumption, we have 

[\rjs - Cs)d{B), = f2[G(r)s) - G(Q]ds, for all t e [0,r]. 
Jo Jo 

Since rj - C,2[G(r/) - GiQ] e M^{0,T), we have E[J^ \r)s - Cs\ds] = by 
Corollary 3.6. □ 

Remark 3.8(i) In the setting considered in this article, G{a) — ^{a^a'^ — 
a^a~). For e e (0, ^-^), [HuPlO] defined G^ in the following way: 

Gs{a) = G{a) — - \a\, for all a G R. 

Indeed, Proof to Theorem 3.3 in the next section leads to the following con- 
clusion: 

d{r,)>eEGAl \ris\ds]. (3.0.4) 
Jo 
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(ii) For r] e Mi(0,T), let Kt = J^Vsd{B)s - 2G{vs)ds. Then, by 
Theorem 3.4, we have 

E{-Kt) > limsupi( [ 5n{s)dKs) = d{r]). (3.0.5) 

ra— i-oo Jo 

This, combined with f l3.0.4p . leads to the following estimate: 

E[-KT]>eEGAr \Vs\ds], 
Jo 

which was already proved in [HuPlO]. Then for t],( ^ ^hi^^'^) such that 
( 13X31) and 

t ft 

2[G{7]s) - GiCs)]ds = / 2[G{r]s - Cs)]ds for all t G [0, T] (3.0.6) 

Jo 

hold, we have E[J^ \Vs~Cs\ds] = 0. However, fl3.0.6p does not hold generally 
since the nonlinearity of G, which is the main difficulty to deal with such 
questions. □ 

4 Proof to Theorem 3.3 

In order to prove Theorem 3.3, we first introduce two lemmas. 

Let Qt = Cb{['^,T]; R) be endowed with the supremum norm and let 
a : [0,T] X Qnp — )■ i? be a measurable mapping satisfying 

i) a is bounded; 

ii) There exists G > such that \a{s,x) — a{s,y)\ < G\\x — y\\ for any 
s G [0,T] and x,y e Gb{[0,T];R); 

in)For t G [0,T], cr(t, ■) is i3t(^T) measurable. 

Then the following lemma is easy. 

Lemma 4.1 Let {Q, F, J-', P) be a filtered probability space and let M be a 
continuous F-martingale with {M)t — {M)s < G{t — s) for some C > and 
any < s < t < T. Let F^ be the augmented filtration generated by X. 
Then for any Yq ^ , there exists a unique F- adapted continuous process 
with £'[supig[o,T] l^tP] < ^ such that Yf = Yq + (T{s,Y)dXs. Moreover, Y 
is F^-adapted. □ 

Let {Q,J^,P) be a probability space and let {Wt} be a standard 1- 
dimensional Brownian motion on {Q,J^,P). Let F^ be the augmented fil- 
tration generated by W. 
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Denote by ^°([c, C]), for some < c < C < oo, the collection of 
adapted processes in the following form 



m—l 



hs = 2^ Ci\iT (i±i)T,(s), 



=0 



where = MLT-dt hsdWs, ■ ■ •Jq'" hsdWs), ipi e Cb,iip{R'), c < < C. 

m 

Denote by ^([c, C]) the collection of adapted processes such that c < 
\hs\ < C. 

Lemma 4.2 ^°([c, C]) is dense in A{[c, C]) under the norm 



^[E{ f\hs\Hs)\ 
Jo 



1/2 



Proof. Let hg = J2iLo^ Cd]iT ii+lK]{^)j where 

= ^i(Wvr - ^(i-i)T, ---.Wt- Wo), 

V'i e Cb,iipiR^), c < \(pi\ < C. 

Then a{s,x) = hj^{x) is a bounded Lipschitz function. Let Xf := /is(iVFs. 
Since Wt = a{s,W)dXs, we conclude, by Lemma 4.1, that 1^ is F^- 
adapted. 

For a process {Xt}, we denote the vector {Xt — X {m-i)T , ■ ■ •, Xt — Xq) 

For arbitrary £j > 0, i = 0, ■ ■ ■, m — 1, there exists ■^j e Cb,iip{R'^'^') with 

the Lipschitz constant Lj such that -Bfl^i — ^ip] < e^. Here = '^ii^in'^si]): 

c < I "01 1 < C*- Without loss of generality, we assume that there exists Kji e N 
such that rij — KjiUi ior m — 1 > i > j > 0. 

Define in the following way: 

Co = Co, 

Forse]0,^], /i, = 

Assume that we have defined hg for allsG [0,^],0<i<m — 1, 
Define Xt J^hsdW^, for i e [0, f ], 



Forse]^,^^],'/i,=ei 



We claim that for any m — 1 > i > 1, 



where A] = 2TLf{^~\^^A'^ + 1), for i > j + 2, Ai_^ = 2TLl which shows 
that A^j depends only on Lj^i, ■ ■ -^Li and T. 

Indeed, - 6P] < L\E[\l - U^\]E[\Wl\ \^] = ^Ljel < Alel 

Assume fl4.().7|) holds for 1 < z < /. For i = / + 1, 

I 



Then 



I 

i=0 

i=0 j=l j=0 

i-l / 

j=0 j=j+l 

< 2iE[\l-^,\'] + E[\^,-^,\']) 



< 2e^ + 2j2A^e^ 



i-l 

2 

j 

j=0 



i=o 



which shows that Bj depends only on Lj+i, ■ ■ ■,Li and T. So for any e > 0, 
we can choose ^j, i = 0, ■ ■ ■, m — 1 defined above such that E[\^i — ^jp] < e 
for alH = 0, ■ ■ ■, m — 1. Then 



^0 
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□ 

Proof to Theorem 3.3. For r) e M^{0,T) with E[J^ \r),\ds] > 0, by 
Theorem 2.6 and Remark 2.7, there exists e > and P G Vm such that 
Ep[Jo \Vs\ds] =: ^ > and for any < s < i < T 

{a^ + e)it -s)< {B)t - {B), < (a' - e){t - s), P-a.s.. 

For any > S > 0, there exists ( G M^(0, T) such that 

E[[ \vs-Cs\ds]<d. 
Jo 

Let F = {7;°}, 7"°, P°) be a fihered probability space, and {Wt} be a 
d-dimensional Brownian motion under P°. By Remark 2.7, there exists an F 
adapted process h with a^+e < /i^ < ct^ — £ such that P — -P°o(Jq 

Without loss of generality, by Lemma 4.2, we assume that there exists 
m E N such that 

m— 1 

Cs = y ^ CirliiZ (i+i)T i(-s) 
i=0 

where ^ir = (pi{BiT — B (i-i)T , ■ ■ -, Bt — Bq), (pi e Cb^iip{R^), for all < i < 
m — 1; 

m—l 

hs = y aiTl,iT (i+l)T ,(g) 

1=0 

iT jT 

where a^T = Vi(/(I"i)T /isC^VTs, ■ ■ ■,/„'" hsdW^), + e < It/ji]"^ < a'^ - e, 

m 

i'i e Cb,iip{R'), for all < i < m - 1. 

1. Define : [a^ + £, — s] [oi,a], i=l, -1 in the following way: 

= (2^-^')l[.>^]+^'l[.<^]■ 
It's easily seen that H^xf + H~\xy = 2x and H^x^ - H-^{xf > 2e. 
For n e N, define if^ : [0, 1/m] x [ct^ + £,ct^ - s] ^ [o:,a], i = 1, -1 by 

2n-l 

' ' J 2mn ' 2mn ' 

j=0 

2. Fix n e iV. 
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and 



Assume that we have defined /i" for all s e [0, < i < m — 1. 

m m 

iT T 

m m 

sgn(^" ) 

m 

3. EpIJ;^ \Qds] = Ep.Alo \Cs\ds]. 
In fact, 

Jo 

rp rn-1 i,iT T 

T — 

= ■.Ep.mf hsdW,,--; 1"^ KdW,)] 

J(jn-1)T 
m 

Ep.aT \Cs\ds] = EpM r hyws, ■ J^ Kdw,)]. 

Jo J (.^-^)T Jq 

m 

Let X — {xjn-i-i ■ • •, Noting that 

^m-l{x) 

:= Ep,m[ ^ ffsgn(^^-iW)(, _ - ^^^_,{xf)dWs.x)} 

J (m-l)T 777, 
m 

= Ep,m[ il;m-i{x)dW„x)}, 

J (m-l)T 



we have 



„T „JL „ (m-l)T 



Jirn-iyr J (m-2)T 

m m 

rp T_ (m-l)r T_ 

I I m I m I m 

Ep,m / hyws, ■■; / hyws)] = £;Po[$m-i( / /i^rfw^., / hyws)]. 

J(m-1)T J(m.-2)T 
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By induction on m, we get the desired result. 
4. 

-T 



T rT 



E[[ 

Jo 

> E[ r d2mn{s)Csd{B),] - E[ \r}, - Cs\d{B), 
Jo Jo 

Jo 

m-1 

= Ep,Aj2 52mn{sXsd{B)s]-aH 
1=0 J^ 

m-1 „(i±i)z: 

[VCiz / S2mn{s)d{B),]-a^5 

' ' m J iT 



— Ep, 



1=0 

rp m-l 

i=0 

= sEpJl \C\ds\-aH 



eEp\ 



[I \Cs\ds\-a' 
Jo 

[TlCsldsj-a'S 
Jo 

> eEp[ \r)s\ds] - eS 

Jo 

> As- £5- > 0. 

Since A, e, 6 do not depend on n, we have d{r]) > As — eS — a^S > 0. The 
proof is completed. □ 

References 

[DHP08] Denis, L., Hu, M. and Peng S. Function spaces and capacity re- 
lated to a suhlinear expectation: application to G-Brownian motion 
pathes. To appear in Potential Anal. 

[HP09] Hu, M. and Peng, S. (2009) On representation theorem of Gexpec- 
tations and paths of G-Brownian motion. Acta Math Appl Sinica 
English Series, 25(3): 1-8. 



13 



[HuPlO] Hu, Y. and Peng, S. (2010) Some Estimates for Martingale Rep- 
resentation under G- Expectation. larXiv:1004.10 98vl [math. PR] 7 
Apr 2010. 

[P07a] Peng, S. (2007) G- expectation, G-Brownian Motion and Related 
Stochastic Calculus of ltd type. Stochastic analysis and apphca- 
tions, 541C567, Abel Symp., 2, Springer, Berlin. 

[P07b] Peng, S. (2007) G-Brownian Motion and Dynamic Risk Measure 
under Volatility Uncertainty. larXiv:0711. 2834V 1 [math. PR] 19 Nov 
2007. 

[P08] Peng, S. (2008) Multi- Dimensional G-Brownian Motion and Re- 
lated Stochastic Calculus under G -Expectation, in Stochastic Pro- 
cesses and their Applications, 118(12), 2223-2253. 

[PIO] Peng, S. (2010) Nonlinear Expectations and Stochastic Calculus 
under Uncertainty, .arXiv:1002.4546 vl [math.PR] 24 Feb 2010. 

[SonglO] Song, Y. Characterizations of processes with stationary and 
independent increments under G-expectation arXiv:1 009.0l09vl 
[math.PR] 1 Sep 2010. 



14 



